The vacuum expectation value of a Wegner-Wilson loop representing a fast moving quark-antiquark pair defines the light-cone Hamiltonian for a qq meson. We solve the corresponding Schrödinger equation for various trial wave functions. The result shows how confinement determines the light-cone wave function for valence quarks in a rather model-independent way. We also estimate the effect of the spin-dependent splitting for a light meson and charmonium. The correct chiral-symmetry behavior of the pion mass is obtained when the self-energy of the quark is chosen properly.
1 Introduction function renormalization. In that section, we derive the behavior of the pion mass as a function of the current quark mass. Section 5 extends the work to heavy quark-antiquark systems like charmonium, where the short-range interaction becomes important. Section 6 contains our conclusions.
The light-cone Hamiltonian
The light-cone Hamiltonian derived in ref. [10] for light valence quarks of mass µ has a simple confining potential, the magnitude of which is set by the string tension σ = 0.18 GeV 2 . In the notations of reference [11] , we introduce as dynamical variables the light-cone momentum fraction ξ = k + /P + with |ξ| < 1/2 and its conjugate variable, namely the scaled longitudinal space coordinate √ 2ρ = P + x 3 . The effective "distance" between the quarks is given by the scale-free light-cone longitudinal distanceρ and the transverse distance x ⊥ multiplied by the bound-state mass. Note that the transverse confinement scale is related to the self-consistent mass of the bound state M 2 . The so-obtained light-cone Hamiltonian H LC = 2P + P − is Lorentz invariant under boosts, because the variables ξ, ρ, k ⊥ , and x ⊥ are boost invariant. The transverse momentum and the longitudinal space coordinate are represented by the operatorsk
so that the Hamiltonian reads (h = 1):
The above equation (3) agrees in the limit of the one-dimensional motion with the equation for the yo-yo string derived in ref. [11] . If only the transverse motion (ξ = 0) is present, then confinement has the usual form, which is seen by setting M ≈ 2µ. One way to resolve the self-consistency equation for the M 2 -operator is to disentangle the square-root operator by introducing an auxiliary parameter s of dimension [mass] 2 and minimize M 2 with respect to variations of s. The final self-consistency condition can then be reached with a guessed mass
The other, non-confining, potential has been worked out similarly, and one gets a short range interaction H Yukawa which is important for heavy QQ-mesons and can be neglected for light qq-mesons:
with the dimensionless variable
In the stochastic vacuum model [7, 8] one has to separate the perturbative-gluon-exchange interaction from the nonperturbative gluonic exchanges. Therefore, the perturbative exchange has to be damped at distances r > = 0.81. One may call it the "Yukawa" part of the potential H Yukawa . The relative weights of non-perturbative non-Abelian and Abelian-like contributions are fixed by κ = 1.0 in the parametrization of the correlation function in ref. [12] , i.e. we neglect the non-perturbative, non-confining part of the correlator. The best way to find the two-body wave function is to use as variables the light-cone momentum fraction ξ and the transverse quark-antiquark separation x ⊥ . It is expected, that with the Hamiltonian of eq. (1), the meson masses, and especially the pion mass, are not described correctly. Additional terms are needed for a realistic valence-quark Hamiltonian. Indeed, it is a matter of a simple variational calculation to find out that the eigenvalues of the light-cone Hamiltonian in the form (3) or in the form (4) are of the order of M = 1.6 GeV for µ 2 = 0. This is obviously too high compared with good valence qq-mesons like the vector mesons, which have an energy of 800 MeV for light quarks. First, the spin structure of the meson is not properly taken care of in the spin-independent expression above. Secondly, one expects quark self-energy corrections (Fig. 1) , which are especially important for small current quark masses. The left-hand diagram is a sketch of the self-energy correction from ref. [13] .
The right-hand diagram shows the improved self-energy correction from ref. [14] . Crosses symbolize the color field-strength correlation functions.
In the literature, the quark self-energy has been deduced from the stochastic vacuum model in two calculations [13, 14] . In the first version [13] ∆ µ
has been derived from the confining gluon field configurations interacting with the q-field. In the second version [14] , Simonov takes into account the confinedstate with mass M and finds: ∆ µ
with
where
Here µ is the current quark mass, M is the uncorrected meson mass, a = 0.302 fm is the correlation length of the field-strength correlator. The dependence of the self-energy correction ∆ (µ 
Variational solution of the light-cone Hamiltonian
As a first step, we evaluate the Hamiltonian for zero current quark masses µ 2 = 0, but with quark self-energy correction ∆ (µ 2 1 ) :
We compute the vacuum expectation value of the Hamiltonian eq. (1), using a variational method. Simple trial wave functions factorize in a longitudinal wave function φ(ξ) and a transverse wave function ϕ(x ⊥ ). We take the following two trial wave functions (i = 1, 2), where the first one has the conventional form of ξ-dependence:
and
x 0 being the mean transverse extension of the meson. The wave functions vanish at the kinematical boundaries (ξ = ± ) which correspond to the limits of relative infinite longitudinal momenta in the non-relativistic description:
A non-trivial expectation value arises in the calculation of the square root operator
To evaluate this matrix element we perform a Fourier transformation from ξ-space to ρ-space, which yields a discrete sum due to the finite interval in ξ-space. The conjugate variable ρ n corresponding to ξ ∈ [−1/2, 1/2] is discretized and takes the values
The Fourier transforms of the original normalized wave functions φ i (ξ) are defined as:
with normalized discrete-set coefficient functions:
Calculating the Fourier transform of the wave function φ 1 (ξ), for example, we havẽ
With this wave function we evaluate the expectation value of the square-root operator numerically and then approximate it by a simpler function which can be used more directly for the evaluation of the self-consistent mass M. The variable y ≡ M|x ⊥ | encodes the dependence of the confining interaction on the transverse extension of the bound state. We define a function g(y)
which enters the complicated expectation value
and the approximation to g(y):
In the limit of large y, the exponentially decreasing terms in (25) are negligible and, because φ 2 1 (ρ n ) = 1,
The behavior at small y constrains the parameters a and b:
Fitting G(y) to g(y) we determine a = 6.19 and obtain from eq. (29) b = 550. The approximate function G(y) can then be integrated over the transverse space coordinate, and one gets:
where Erf(x) = 2 √ π x 0 dte −t 2 is the error function. We repeat the same procedure for the other wave function, eq. (16). In both cases, we get self-consistent transcendental equations for M, which can be solved numerically. In Fig. 3 , we plot the resulting M as a function of the transverse-extension parameter x 0 of the trial wave functions Ψ i . The trial wave function Ψ 1 leads to a smaller value of the meson mass, which lies in the expected range of light vector-meson masses. The higher mass corresponding to the trial wave function Ψ 2 comes about from the higher longitudinal momenta in this wave function. The rmsextensions < x As a next step, we compare the evaluation of the original Hamiltonian (3) to that of the Hamiltonian in eq. (4) which has been rewritten with the parameter s. Because of the simpler form of the modified Hamiltonian, we can try as well a factorising ansatz as a non-factorising ansatz, which can be expanded to include higher-order excitations. If one minimizes the modified Hamiltonian with respect to the parameter s, one gets back the original Hamiltonian. Because of the much simpler mathematical structure of the Hamiltonian (4) without the square root, we can now directly apply the differential operatorρ
to the wave functions.
where the value s 0 is determined by the minimum condition:
The original wave functions Ψ i would not lead to finite expectation values, therefore we use a slightly modified factorizing wave function. Replacing the longitudinal distribution by
one gets:
From the expectation value < Ψ 3 |M 2 (s)|Ψ 3 >= M 2 with the wave function Ψ 3 , we determine M self-consistently:
The derivative of eq. (40) with respect to s gives the desired saddle-point equation:
and the extremal value s 0 by the condition d ds M = 0 :
After substituting s 0 back into equation (40), one finds M as a function of the transverse extension parameter x 0 . The corresponding result is plotted in Fig. 3 . As before, ∆ (µ 2 1 ) defines the self-energy correction when the current mass µ 2 is set to zero. If we take into account that the wave functions in both calculational methods are slightly different from each other, the result shows that the rewritten much simpler Hamiltonian of eq. (4) is acceptable to describe the same physics as the original Hamiltonian of eq. (3). 
Spin-dependent splitting and chiral symmetry breaking
In general, light mesons are influenced strongly by the spin-dependent part of the quarkantiquark interaction. It is well known that the restoration of rotational invariance on the light-cone may be nontrivial. But here we assume that, after this invariance has been established, the spin-dependent interaction on the light cone has the same general form as the Fermi-Breit interaction. Since the light-cone Hamiltonian depends quadratically on the mass of the bound state, we have to slightly generalize it with a free parameter c:
As before, we start with current quark masses equal to zero. Then the squared mass of the ρ-meson and Goldstone mass of the π-meson are given by:
These masses determine the coefficient c of the spin-dependent term in the light-cone Hamiltonian:
In order to reach a low average squared mass M 2 ,
one needs additional correcting factors reducing the kinetic energy of the quarks in the lightcone Hamiltonian. Similarly to the Bag model [16] , one expects Casimir corrections from the elimination of higher Fock states from the confined state. To this end, we introduce a wave-function renormalization constant Z Ψ into the light-cone Hamiltionian, which has the following form:Ĥ
With
and c = (0.77 GeV) 2 , we can reproduce M 2 = 0.445 GeV 2 . It needs further investigations whether such a form of the Hamiltonian eq. (50) is a good theoretical approximation, especially one has to study how the transverse and longitudinal kinetic energies get renormalized individually. Chiral symmetry breaking has been a challenging aspect of the light-cone theory. It is known in equal-time theories that the vacuum is very complicated and higher Fock components of the quark-antiquark wave function are needed in order to reproduce the low-energy properties of the pion correctly. An interaction of the Nambu-Jona-Lasinio (NJL) type leads to a quark condensate, the excitations of which are massless Goldstone pions. In the light-cone approach, the most developed calculation uses the NJL-model with a vector interaction [15] and obtains very interesting differences of the light-cone wave function between the vector mesons and pions. In our framework, the complicated self-energy correction ∆ (µ 2 2 ) of the constituent quark can give the correct chiral-symmetry behavior of the pion mass. We apply the Feynman-Hellmann theorem [17, 18] to the light-cone Hamiltonian, which has dimension
and investigate what happens to the pion-mass squared M 2 π = 0, when the current quark mass µ increases to finite values µ = 0. Especially one may ask whether the Gell-MannOakes-Renner relation still holds. How can the pion mass squared vanish linearly with the quark mass? A naive kinetic term cannot do that because then ∆M 2 ∝ µ 2 . In the Hamiltonian (50) with ∆ (µ 2 ) = ∆ (µ 2 2 ) we have, however,
The function φ(t) can be expressed through ∆ (µ 2 2 ) by means of eq. (9) . That influences the expectation value of the ξ-dependent part of Ψ 1 of eq. (13) . For M 0 we take the averaged meson mass of M 0 = 0.67 GeV, and for the transverse extension we take x 0 = 0.8 fm of eq. (31). We get a linear dependence of the pion mass squared on the quark mass, which has a slope
We compare this value with the Gell-Mann-Oakes-Renner relation [19, 20 ]
which amounts to a theoretical value for the same slope:
where the absolute value of the quark condensate is (0.240 GeV) 3 and F π = 0.093 GeV [21] . The relative difference between our light-cone calculation of eq. (53) and the empirical value ∂M 2 ∂µ of eq. (55) is only 6%. This is a very good result, but as one can see from eq. (52) it depends on the self-energy correction ∆ (µ 2 2 ). Besides the quantitative success, this result stimulates further studies of the self-energy correction in the light-cone theory. Here the new possibilities opening up by the AdS/QCD approach [22, 23] can play an important role.
Heavy quarks
For heavy quarks, the short-range interaction cannot be neglected. In the derivation with field strength correlators, it comes about from the perturbative Abelian correlation function, which dominates the short-distance behavior of the potential. In the stochastic vacuum model, the short-range interaction has to be damped at distances r > = 0.81. We call it the "Yukawa" part of the potential H Yukawa . For heavy charm quarks, we take the Hamiltonian
The parameter c multiplying the spin-dependent interaction is, however, much smaller and it will again be determined phenomenologically. For the following calculations, we use the Fourier transform of the wave function Ψ 1 in the ρ-representation. In this representation, the variable r of eq. (7) in the light-cone Hamiltonian has a purely algebraic form without any differential operator,
The normalized wave function Ψ 1 in the Fourier representation depends on ρ n = (2n + 1)π and x ⊥ :
whereφ 1 (ρ n ) is given by eq. (22) . Because of the factorizing ansatz, we can split the evaluation of the "Yukawa" interaction into two steps: First we average over the continuous x ⊥ -dependent part of the wave function:
Secondly, we sum over the discrete Fourier components. We write the second averaging process in the form:
In practice, we truncate the infinite sum in eq. (60) by the first 11 leading terms. The proof of convergence of eq. (60) is given in Appendix A. As one can see in Fig. 5 , the Yukawa interaction lowers the charmonium mass by about 220 MeV. The averageM of the 1s − cc state comes out as M = 3.06 GeV with the same wave-function renormalization factor Z ψ ≈ 0.4 for the kinetic term of the Hamiltonian as we used before. The size of the transverse-extension parameter for 1s-charmonium is much smaller, x 0 = 0.3 fm. The spin-dependent splitting plays a minor role compared with its importance for light quarks.
To make the determination of the parameter c quantitative, we evaluate it from the masses of the ψ and η c mesons:
As one sees, the valence-quark Hamiltonian is a reliable instrument also for the heavy-quark spectroscopy. 
Conclusion
Gluon field-strength correlators yield the most important confining interaction of the lightcone constituent Hamiltonian derived in ref. [10] . Extending the range of apllications of this Hamiltonian, we have calculated in this paper light and heavy meson masses and wave functions. Let us retrace the most important parts of our calculation. We have added to the Hamiltonian of ref. [10] a negative self-energy correction ∆ (µ 2 ), which has also been calculated in the framework of the gluon field strength correlators [13, 14] . This self-energy is necessary to obtain reasonable light meson masses. The improved form of the self-energy correction varies with the uncorrected meson mass and vanishes for large meson masses, i.e. for large quark masses. The improved self-energy correction ∆ (µ 2 ) is crucial to obtain the correct symmetry pattern for the pion mass. To get to zero pion mass for zero current quark mass, a phenomenological spin-spin interaction is necessary. This interaction does not contribute much to charmonium, where the "Yukawa" part of the QQ interaction from the Abelian-like field-strength correlator is important.
Our variational calculations are based on trial wave functions which factorize. This is not necessary. Extending the set of basis functions we found a small variation of the mean transverse momentum with the longitudinal momentum. Further improvements can be obtained by a less phenomenological inclusion of the spin-spin interaction. The framework of the light-cone Hamiltonian proposed here has to be seen in context with the successful parametrization of high-energy hadron-hadron scattering based on the same gluon field-strength correlation functions of [12] . Until now, the dipole approach used only phenomenological light-cone wave functions for the asymptotic hadronic states. With this work, we have now a unified description of QCD bound states and hadronic scattering which has been a long term goal of QCD.
Sinceφ 1 (n + 1) ≤φ 1 (n), {y n } is decreasing and fulfils eq. (64). lim n→∞φ1 (n) = 0 implies lim n→∞ y n = ∞ (eq. 65). Therefore conditions (63)-(65) are fulfiled and ∞ n=−∞ x n y n converges.
